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Abstract. Let G be a finite group and be a faithful representation of G over C. 
The group G acts on the field of rational functions C(W). The aim of this paper is to 
give a description of the unramified cohomology group of degree 3 of the field of invariant 
functions C(W)^ in terms of the cohomology of G when G is a group of odd order This 
enables us to give an example of a group for which this field is not rational, although its 
unramified Brauer group is trivial. 
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1. Introduction 

If G is a finite group and W a faithful representation of G over C, then the field of 
invariant rational functions C{W)^ depends only on G, up to stable equivalence. The 
problem which goes back to Noether is to determine whether this field is rational. A 
natural obstruction is given by the unramified cohomology groups which are trivial for 
stably rational fields. 

In degree two, this group coincides with the unramified Brauer group which has been 



used by Saltman in [Sal] to give the first example of a group G for which C{W) is 



not rational. Bogomolov then gave a general description of this group in | |Bo| , theorem 
3.1]. More precisely, one may describe this group in terms of the cohomology of G by the 
formula 

BrJCiWf)^ fl KeriH'{GM/Z)^H^{B,Cim 



where i3§Q denotes the set of bicyclic subgroups of G, that is the set of subgroups of G 
which are a quotient of Z^. This result enabled Bogomolov to give other examples of 
groups for which the unramified Brauer group of C{W)'~^ is not trivial. 
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In higher degree, the unramified cohomology groups have been introduced by Colhot- 



Thelene and Ojanguren [CTO| to give new examples of unirational fields over C which 
are not stably rational. 

The aim of this text is to describe a computation of the unramified cohomology group 
of degree 3 in terms of the cohomolgy of the group G and then to use this description to 
construct a group G for which C{W)'~^ is not rational but has a trivial unramified Brauer 



group. Saltman has proven in |Sa2] that the unramified cohomology group in degree three 
is contained in the image of the inflation map 

H^G, Q/Z) -> Q/Z). 

One of the main difficulty which remains is to describe the kernel of this inflation map. 

In [ ^e3[ |, we proved, extending ideas of Saltman [ |Sa2[ ], that there is a natural exact 
sequence 

CH^(C) ^ H\G, Q/Z(2)) ^ H^{C{Wf, Q/Z(2)) 

where CHe(C) denotes the equivariant Chow group of codimension two of a point. The 
main step of our proof relates the image of CHq(C) with the permutation negligible 
classes introduced by Saltman in [ |Sa2| |. 

In section ^ we introduce the notations used in the rest of this paper, section ^ states 
the main result and ^ contains its proof. In section H we consider the case of a central 
extension of an F^-vector space by another one. The last section is devoted to the explicit 
construction of an example. 

2. Definitions 
Let us fix a few notations for the rest of this text. 

Notations 2.1. Let fc be a field of characteristic 0, k be an algebraic closure of k. For any 
positive integer n, we denote by fi^ the n-th roots of unity in k and for j in Z we put 

[a'^^-'^M™ ifj>l, 

[Hom(/i®^Z/nZ) if j < 0, 
and we consider the Galois cohomology groups 

W{k,^^^^)^WiGa\(k/k),^^^^) 

as well as their direct limits 

Wik,Q/m)=lj^HHk,^^^^). 

n 

If 1/ is a variety over k, we also consider the etale sheafs /i®^ and Q/Z(j). 

For any function field over fc, that is finitely generated as a field over fc, we denote by 
^{K/k) the set of discrete valuation rings A of rank one such that k C A C K and such 
that the fraction field Fr(A) of A is K. If A belongs to [^{K/k), then is its residue 
field and, for any strictly positive integer i and any j in Z, 

is the corresponding residue map (see | ]CTO| ]). They induce residue maps 

: H\K, Q/Z(j)) - !))• 

We then consider the unramified cohomology groups defined by 

HUK, Q/Z(j)) = fl Ker(i/X^, Q/Z(j)) ^ iJ^'^K, Q/Z(j - 1))) . 
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In particular, the unramified Brauer group may be described as 

Br„,(i^)=i/2(i^,Q/Z(l)). 

Let us also recall that two function fields K and L are said to be stably isomorphic 
over k if there exist indeterminates C/j^ , . . . , , , . . . , T^^ and an isomorphism from 
K{U^, C/„J to L{Tj^, ---^TJ over k. By [ CTO| ], if K and L are stably isomorphic 
over k, then 

In particular, if k is algebraically closed and K stably rational over k then {K, ) is 
trivial. 



We shall also use the equivariant Chow groups as defined by Totaro [[Ib|] and Edidin and 
Graham [|g[ §2.2]. 

Definition 2.2. Let G be a finite group and W a faithful representation of G over k. For 
any strictly positive n, let be the maximal open set in W"^ on which G acts freely. 
We have that codim^y,, {W^ — U^) ^ n. If F is a quasi-projective smooth geometrically 
integral variety equipped with an action of G over fc, the equivarient Chow group of Y is 
defined by 

CH^(r) = Off (r X u,+jG). 

We put CHq(A;) = CHQ(SpecA;), where the action of G on Spccfc is trivial, and define 
the group Picg,(y) as CH^ (y). 

By [ ^e3| , definition 3.L3], if k is algebraically closed, the etale cycle map induces a 
natural cycle map 

c\^:CU},{k)^H^^-\G,Q/m) 
such that, by [ Pe3 , example 3 . L 1 ] , 

cl^ :Pic^(fc) ^i/i(G,Q/Z(l)) 

is an isomorphism. 

As indicated in the introduction, one of the main problem to compute the unramified 
cohomology is to determine the kernel of the inflation map 

Ker(ij3(G,Q/Z(2)) i?3(c(H^)G^Q/Z(2))), 



which by [Pe3, corollary 3.1.3] coincides with the image of CI2. More generally, let us 
recall the notion of geometrically negligible classes, due to Saltman, which is a variant of 
the notion introduced by Serre in his lectures at the College de France in 1990-91 [Sel ). 

Definition 2.3. If G is a finite group, M a G-module and k a field, then a class A in 
H'^{G, M) is said to be totally fc-negligible if and only if for any extension K of k and any 
morphism 

p : Gal{K'/K) G 

where K'' is a separable closure of K, the image of A by p* is trivial in H^ {K, M). The 
class A is said to be geometrically negligible if fc = C. 

As was proved by Serre, the group of geometrically negligible classes in H^{G, M) 
coincides with the kernel of the map 

H\G, M) -> H\C{W)^, M). 

In the following, we shall be interested by the case where « = 3 and M = Q/Z(2). We 
shall also assume that fc = C and fix an isomorphism from Q/Z to Q/Z(l). In this setting, 
Saltman introduced the group of permutation negligible classes which is defined by 

H^{G, Q/Z) = Ker(i?3(G, Q/Z) ^ H'{G, C(W^)*)). 
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Ph,, : H\G, Q/Z) ^ H^H x /, Q/Z) 



In [Pe3, pp. 196-197], we prove that this group may be described in terms of the coho- 
mology of G as 

(2.1) iJp3(G,Q/Z) = Coresg(lm(i7i(i?,Q/Z)«2 ^ H^H^ClIZ))). 

HCG 

Finally we shall also need to pull back the residue maps to the cohomology of G. 

Definition 2.4. For any subgroup H of G and any element g of the centralizer Zq (H) of 
H in G, we define a map 

dH^^:H'{GM/Z)^H\H,Q/Z) 
as follows: let / be the seubgroup generated by g. The natural map 

H X I ^G 

induces a map 

But the pull-back of the projection gives a splitting of the restriction map 

H^{H X /, Q/Z) H^{I, Q/Z). 

This yields a morphism 

H^{H X /, Q/Z) ^ Ker(ij3(i7 x /, Q/Z) ^ H^{I, Q/Z)). 
Using Hochschild-Serre spectral sequence and the fact that H^{I, Q/Z) = we get a map 

H\H X /, Q/Z) ^ H^{H, H\I, Q/Z)). 
But g defines an injection 

ifi(/,Q/Z)-^Q/Z 

which yields 

d : X /,Q/Z) ^ Q/Z). 

The map 9^ ^ is then defined as the composite d o ^ . We define 

i/3(G,Q/Z)- fl Ker(9^^^). 

Remark 2.5. Similarly, one can easily define for any subgroup HofG and any g in Zq{H) 
a morphism 

: H'^{G. Q/Z) ^ Q/Z) ^ Hom(iJ, Q/Z) 

and 

iI,^.(G, Q/Z) = fl Ker(9^^g). 

Let us show that 

ij2(G, Q/Z) = fl Ker(i?2(G,Q/Z)^ij2(B,Q/Z)). 

If 7 belongs to the right hand side, let iJ be a subgroup of G, let g belong to Zq{H), 
and let X G iJ; i? = (g, is a bicyclic group of G and there is a commutative diagram 

i?2(G, Q/Z) H\H,Q/Z) 

Res" Rcs^) 

Since Res^(7) = 0, for any x in iJ we have Res^^ (^// g(7)) = 0- Hence 9^ ^(7) = 0. 
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Conversely, if 7 belongs to i7,jj.(G, Q/Z) and i? is a bicyclic subgroup of G, then 
Resi(7) belongs to Hl{B, Q/Z). But 

H^{B, Q/Z) -^K^B 

where h?B is either trivial or cyclic generated by an element of the form u A v. In the 
latter case, one has that 9^^^ ^ is injective and Res^(7) = 0. 

3. Description of the unramified cohomology group 

The aim of this paper is to prove and illustrate the following theorem: 

Theorem 3.1. If G is a finite group and ifW is faithful representation of G over C then 
the inflation map induces an isomorphism 

HiiG, Q/Z)/H^{G, Q/Z) ® Z[l/2] ^ Hl{CiW f , Q/Z) ® Z[l/2]. 
Remarks 3.2. (i) If G is of odd order, we may remove the §5Z[l/2] in the above isomor- 



phism. However, in [Sa2|, Saltman gave an example of a 2-group for which the kernel of 
the inflation map is strictly bigger than H^{G, Q/Z). Therefore one has to consider the 
prime to 2 part of the groups in general. 

(ii) In fact H^-iG, Q/Z) is the inverse image of H^{C{W)^ , Q/Z) in H^iG, Q/Z). 
The prime 2 does not play a role in this part of the statement. 



(iii) Using remark 2.5, Bogomolov's theorem may be stated as 

HliG, Q/Z) ^ KiC{Wf, Q/Z). 

(iv) In higher degrees one would have to take into account the negligible classes in order 
to define H^^iG, Q/Z). Moreover the question whether the classes in H^{C{W)'^ , Q/Z) 
come from the cohomology of G is still open. 

4. Proof of the main theorem 

We shall first recall the result relating the geometrically negligible classes to the equi- 
variant Chow group of codimension 2. 

Notations 4.1. If is a variety over a field k of characteristic 0, V^'^'' denotes the set of 
points of codimension p in V. For any x in V'^^] let k{x) be its residue field. We also denote 
by J^l^{fi^^) the Zariski sheaf corresponding to the presheaf mapping U to H'i^{U, /i®-* ). 
We define similarly the sheaf ^^,(Q/Z(j)) and the Zariski sheaf corresponding to 
the presheaf mapping U to K^{U), the i-th group of Quillen X-theory. 
We denote by |X| the cardinal of a set X. 



The following proposition follows from theorem 2.3.1 in [Pe3|, but we shall now give a 
direct proof of it which is due to Colliot-Thelene. 

Proposition 4.2. IfG is a finite group, W a faithful representation of G over C, Let U be 
the maximal open subset in W on which G acts freely and assume that codim^^ W — U is 
bigger than 4. Then there is a canonical exact sequence 

O ^ C^l{C) ^ H\G, Q/Z) i7L(C^/G,^|(Q/Z(2))) ^ 0. 



Proof. Let X ^ U /G. The Bloch-Ogus spectral sequence [BO] 
yields an exact sequence 

- hUx, yf'M')) - Hlix, ) 



6 



EMMANUEL PEYRE 



since i?2 = Ef''^ = {0} if p > q. But we have the following diagram with exact lines 
and columns 

K{xr Z CH2(X) -0 



I \ ' 

K{xr Z GU\X) 



^ H\>^ix),fiJ Z/nZ ^ HUX,Jf'M^)) 



Y Y 


which gives an isomorphism 



By [ ZT (3.2)], Merkur'ev-Suslin theorem gives an exact sequence 

^ H\X,Jf,)/n ^ H\X,^l{pi<^^)) ^ CH2(X)„ ^ 0. 
Since we have codim^^ W — U ^ 4, we get that 

CH^{U) = CR^iW) = {0}, 
H^{U,J^^) = H^{W,,J^^) = {0}, 

and 

hL{u, .^'M')) = Hi,,iw, jrK^r )) - 0. 



But using a restriction-corestriction argument (see e.g. [Ro|) for the map -k : U ^ U /G, 
we get that the corresponding groups for X are killed by \G\. Taking inductive hmits we 
get an exact sequence 

^ CH2(X) ^ HliX, Q/Z(2)) <r(X,^|(Q/Z(2))) ^ 0. 

By [ ^e3| , Lemma 3.1.1], the Hochschild-Serre spectral sequence yields an isomorphism 

Hl{X, Q/Z(2)) ^ H^{G, Q/Z(2)). □ 

To get the group of geometrically negligible classes in H^{G, Q/Z), it remains to com- 
pute the image of CHq(C) in that group. 

Proposition 4.3. // G is a finite group, then the prime to 2 part of the group of geo- 
metrically negligible classes in H^{G, Q/Z) is contained in the group Hp{G, Q/Z) of 
permutation negligible classes. 

Remark 4.4. The fact that the gro up H ^jG, Q/Z) is contained in the group of negligible 



classes was proven by Saltman in [Sa2] 



Proof. Let p a prime factor of jCj and G^ be a p-Sylow subgroup of G. By the description 



(2.1) of permutation negligible classes, we have that 

Coresg^(7j3(Gp,Q/Z)) c H^,iG,Q/Z) 



UNRAMIFIED COHOMOLOGY AND NOETHER'S PROBLEM 



7 



and we have commutative diagrams 
i?'(G,Q/Z) 



i73(C(W^)G,Q/Z) 



Res 



i?3(Gp, Q/Z) 



Res 

Y 



i^■^(C(w^)"^Q/z) 



and 



i?3(Gp, Q/Z) 



Corcs^ 



Cores' 



H^{C{W)^'',Q/Z) 

Cores 



773(G,Q/Z) ^ i?-^(G, Q/Z) > i/3(c(pF)G, Q/Z). 

By taking the p-primary part of the group of neghgible classes, we are reduced to the case 
where Gis a p-group for p an odd prime. 
By [^e3[ corollary 3.1.9], the image of 

CH2j(C)^i73(G,Q/Z) 

coincides with the image of the second Chern class 

where ^%{G) denotes the ring of representations of G over C. By Whitney formula, if x 
and y belong to ^(G), one has 

€2(2; + y)= c^{x) + c^{x)c^{y) + c^{y). 

By (2.1), we have that c-^(a;)c-^(y) e Hp{G, Q/Z). Thus the induced map 

^(G) ^ H^{G,Qm/H^iG,Qm 

is a morphism of groups. We want to show that this morphism is trivial. 

By Brauer's theorem (see [Se2, §10.5, theorem 20]), ^(G) is generated as a group by 
the representations induced from characters of subgroups. It remains to show that for any 
subgroup H of G and any character x of H, one has 

C2(Indgx)ei?p3(G,Q/Z). 

But Fulton and MacPherson give an expression for such Chern classes (see [^MF , corollary 
5.3]) 

C2(Indgx) = Cores(c2(x)) + Cores(2)(c,(x)) 

+ Ci(Indg 1). Cores(ci(x)) + c^ilnd"^ 1), 

where we denote by the intermediate transfer maps. By [ |FMP| , p. 4], for any z in 

H^{H, Q/Z),one has 

Cores(z2) - Cores(z)2 + 2 Cores'^^ (z) = 0. 

Since p 7^ 2, we get the relation 



CoTes^^\z) = i(Cores(z)2 - Goiesiz"^)) 



and therefore the relation 



1 



C2(Ind^x) - -(Cores^(ci(x))^ - Cores^(ci(x)')) 



G T\ r~i G/ /,,\\ I „ /'T„jG 



Ci(Ind^ 1). Cores^(ci(x)) + C2(Ind^ 1), 
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Therefore, it remains to show that for any subgroup H of G, one has 

C2(Indgl)ei/3(g Q/2). 

We shall proceed by induction on[G : H]. If [G : H] = \, then 02(1) = and the result is 
proven. Let us assume the result for subgroups of index strictly smaller than for m ^ 1. 
Let iJ be a subgroup of G with [G : H] — p™. There exists a subgroup of G such that 



i7 is a normal subgroup of of index p |Su, theorem L6]. We have 

C2(Indgl)=C2(Indg^(Indf^ 1)). 
We may choose x £ Hom(iJj^ , C* ) such that H — Ker x- Then the induced representation 



is given by IndjlJ^ 1 = 1 + x + • • • ^ 
C2(Indgl)=C2(Indg^(l)4 
^C2(Indg^(l)) 



X 



p-l : 



m^{H^). We get 

+ Indg^(x''-^)) 

• + C2(Indg^ (x''-^)) mod i/3(G, Q/Z) 



By induction, we obtain that C2(IndjLf 1) belongs to H^{G, Q/Z) 



□ 



Let us now describe the inverse image in H^{G, Q/Z) of the unramified cohomology 
group of C(W^)'^. 

Proposition 4.5. The group Hl^{G,Cl/Ti) is the inverse image in H^{G, Q/Z) of the 
group Hl{C{Wr M/Z). 

Proof. Let 7 in Hl,{G, Q/Z). We want to prove that its image in H^{C{W)'~^, Q/Z) is 
unramified. Let A e .^{C{W)^ /C) and B be an element of ^(C(W^)/C) above A. 
We put K = C{W)'~', L = C{W), Lg the completion of L at B, the completion 
of K in Lg, Lg an algebraic closure of Lg, K''^ (resp. L'g) the maximal unramified 
extension of Kj^ (resp. Lg) in Lg. We denote by D the decomposition group of B in 
G and by / the inertia group. We also put = Ga\{Lg/Kj^), 'i§ g = QzHLglLg), 
= Gal(Lg/K'X), and = Gal(Lg/Lg). We have the following diagram of fields 




which yields a commutative diagram of groups 

Ia '^A ^a/Ia 

(4-1) /. 







D 



D/I 



0. 
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On the other hand the residue map 



is defined as the composite of the maps 

(4.2) H^K, Q/Z(2)) ^ H^'iK^, Q/Z(2)) 

where the second map is induced be the hochschild-Serre spectral sequence 

HPC:^JI^, H^il^, Q/Z(2))) ^ HP+'^i'^^, Q/Z(2)). 

Indeed J^, which is isomorphic to Z(l) is of cohomological dimension 1, and the group 
H^{Ij^, Q/Z{n)) is canonically isomorphic to Q/Z(n — 1). The latter fact gives the last 
morphism in (4.2). Since the roots of unity are in C, we may choose a splitting of the 
central extension 



0->/. 



'a/ I A 



0. 



Using ( 4-. 1 ), we get that / is central in D and the morphism factorizes through D x I: 
let s be a section of — > then the following diagram commutes 



(Id — s) X s 



D 



Id +] 



^a^Ia 



fyxfi 

D X I 



where we denote by (Id — s) x s the morphism sending g to {gs{g) ^, s{g)). Thus we get 
the commutative diagram 



(4.3) 







^ I 



'^a/Ia 







I xD > D ^ 

Id +j 

D ^ D/I ^ 0. 



For the cohomology groups we have commutative diagrams 



Res 



H^{D,Q/'Z') 



H^{D X /,Q/Z) 



i/3(A^Q/Z(2)) H^{k^,Q/Z{2)) i73(^^^,Q/Z(2)) 



and 



i73(/,Q/Z) 



PI'2 



H^{D X /,Q/Z) 



Y Y 

= i/3(/^,Q/Z) i/3(^^^,Q/Z). 



10 



EMMANUEL PEYRE 



Thus we get commutative diagrams 
H^{D X /,Q/Z) - 



Kev{H^D X /, Q/Z) ^ H^{I, Q/Z)) 



F3(^^,Q/Z(2)) 



and we may choose a generator 5 of / so that the diagram 



F3(G,Q/Z) 



H3(c(M^)G,q/Z(2)) 



9a 



i/2(i5,Q/Z) 



H2(^^,Q/Z(1)). 



commutes. Therefore 9^(7) = whenever 7 belongs to H^^.{G, Q/Z). 

We now want to prove the reverse inclusion. For any positive integer i, let Hl^^{G, Q/Z) 
be the inverse image in H^{G, Q/Z) of H^^{C{W)'~^ , Q/Z). For any morphism of group 
TT : H ^ G, we have 

TT* (i7^„(G, Q/Z)) ci/^Ji/, Q/Z). 

Indeed let be a faithful representation of G and V he a faithful representation of H. 
Then is a representation of H via vr and V (BW a faithful representation of H. But we 
have the following field inclusions 

C{Wf c C{W)" c C{V © w f. 

Therefore, we get a commutative diagram 

i/3(G, Q/Z) ^- ^ H^iH^m 



i73(C(VK)G,Q/Z) 



i73(C(l^©M^)^,Q/Z) 



and by [ ]CTO| ] the image by i of i/^ (C(VF)'^, Q/Z) is contained in 

Hl{C{V ®W)" Ml^)- 

This implies the claim. 

We have to show that for any 7 in H^^^{G, Q/Z), for any subgroup H of G, and for any 
g in Zq{H) generating a subgroup / of G, we have 9^ ^,(7) = 0. By the last claim and the 
definition of 9^ g, we can restrict ourselves to the case where G = H xl.ln that particular 
case, let be a faithful representation of H and x be the injection / ^ C* sending g to 
the chosen generator of /i | ^ | . Then VF©x is a faithful representation of G. We may consider 
C{W ® x) as C(H/)(X) and define B e ^(C(VF ® x)/C) as the valuation defined by 
the divisor X = 0. Let A be the induced element of C{W © x)° = C(W^)^(Xl^l). 
We now are precisely in the situation described in the first part of the proof and we get a 
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commutative diagram 

773(G,Q/Z) ^-^ ^ H^{H,Q/Z) 



But the group of geometrically negligible classes in degree 2 is trivial (see, for example, 



[jSaip). Therefore, if 7 belongs to H^^^riG, Q/Z) then <9jj_g(7) = 0. □ 
5. Central extensions of vector spaces 

5.1. The setting. It is well known that if G is abelian and W a faithful representation of 
G, then C{W)'~^ is rational over C. Therefore the first interesting extensions are central 
extensions of an -vector space by another one. The unramified Br auer group have been 
computed for these groups by Bogomolov in [ |Bo|] (see also Saltman [ Sal ]). A few prelim- 



inary results in degree 3 have been given in [ pe2[ | . Let us first recall these results, since 
they will be used later 

Notations 5.1. Let U and V be two Fp-vector spaces for p an odd prime number and let 

be a central extension of [/ by y such that exp(G) = p. For any g in G, we put 5 — Tr{g). 
Without loss of generahty, we may assume that V ~ [G, G] or in other words, that the map 

7: K^U -> V 
7^(51) A 77(52) ^ [51,52] 



is surjective. By [ |Bro| , §IV.3, exercise 8], this map 7 determines this extension up to 
isomorphism. More precisely, we may choose a set-theoritic section s : C/ — ^ G of tt such 
that ^ 

Vui,U2 e U, s{u^)s{u^u^)-^s{u^) = -7(Mi AU2). 

If Z(G) ^ [G, G] then G is isomorphic to a product ExH where E is the F^-vector space 
Z{G)/[G, G]. Let be a faithful representation of H and W' a faithful representation 
of E. Then W ®W' is ci faithful representation of G and C{W © W')'^ is rational over 
C{W)". Thus we may assume that Z{G) = [G, G]. 

For any F^-vector space E we denote by i?^ it dual. For any positive integer there is a 
natural isomorphism 

A''(£;^) ^ (A'£;)^ 
/i^-'-A/, ^ {vi^--- ^v,^Eaee,^('^)fli^'a(l))■■■Mv„i^)))■ 
FTomno^w on,we identify A' (i?^ ) with (A'i?)^ and denote it by A^i?"^. For any subgroup 
F of A^E (resp. A*i?^) we denote by F^ its orthogonal in A'i?^ (resp. A^E). 
The linear map 7 induces an injection 

. ^ A^C/^. 
We shall identify V'^ with its image and put 

= V'^ c A^U" and ^V" AU"" d A^U"" . 

We put = (/ST')^ if i = 2 or 3. Let Sf^^ (resp. S-^^^) be the subgroup of (resp S^) 
generated by the elements of the form u /\v for u S A^U (resp. [/) and v E U. We define 
^ J ^' as the orthogonal of 5'^^.^, for « = 2 or 3. 



Using [ |Bro| , p. 60, 126], we get an injection 



A'U^ ^ H'{U,q,/7?) 
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defined as the composite map 

(5.1) A^C/^ ^ A*i7i(L/,Fp) ^ iJ'(J7,Fp) ^ ff'(C/,Q/Z) 



where U is the cup-product (see also [Pel, lemma 7]) 



Let us recall the result of Bogomolov in this context: by [Bo, lemma 5.1], one has that 



KLJK' ^ Br„,(C(l^)«) - Hl{C{WfM/Z) 



The results obtained in [Pe2] imply the following proposition: 



Proposition 5.2. The inverse image in A^C/^ of the group H^^{C{W)'~^ , Q/Z) coincides 
with Kl^^. 

Proof. By [|e2[ lemma 9.3], the kernel of the map A^t/^ ^ H^{G, Q/Z) is A F^. 
Therefore 

C Ker(A3[/v ^ H^{C{Wf,Q/'Z)). 

Therefore 

D KsTiA^U"" H^{C{Wf,Cl/Z))^ 

Taking the subgroup for both groups generated by elements of the form u Av for u S A^f/ 
and V E U,we get 

Si, D Ker(A3;7^ ^ H^C{Wf, Q/Z))i^. 
Thus for any / in K^.^^, 

/|Kei-(A3(7v^//3(C(H')G,Q/Z))|. = 0- 



By [ ^el| , theorem 2], this implies that K^^^ is contained in the inverse image of the group 
7f3(C(P^)G,Q/Z). 

By [^e2| proposition 9.4 and lemma 9.2], there exists a function field K over C and 
a Galois extension L of K with Galois group G such that is the inverse image of 
H^r{K, Q/Z) in A^C/^. But we have a diagram of fields 

i(VK)« 

\ / 

c 

By the no-name lemma, the extension L(W^)'-^/X is rational. Therefore 

lil{K, Q/Z) ^ i/,^(i(M/)«, Q/Z). 
But, by [ |CTO , p. 143], the natural extension map 

(t> ■ H^{G{W)°, Q/Z) ^ H'^{L{W)°, Q/Z) 

verifies 

(/.(i/3(c(W)G,Q/z)) c ij3(L(VF)G,Q/Z). 

Thus if 7 in A"^?/^ is in the inverse image of i?,'fj(C(VF)'^, Q/Z), it belongs to the inverse 
image of H^,{K, Q/Z) and thus to K^^^. □ 
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5.2. The result. Our aim in this paragraph is to prove the following result: 
Theorem 5.3. With notations as above, there is an injection 

KlJK^ cH!,{CiWf,Qm. 



Remark 5.4. In [Pe2, §9.3], we construct an example of a 2-group where 

^ Ker(A3[/v ^ H^{C{W f, Q/Z)). 

This shows that the condition p 7^ 2 is necessary. 

To prove this theorem it remains to prove that 

= Ker(A3c/^ ^ H^{C{Wf,Cl/^)) 

or, using theorem PI that is the inverse image in A'^t/^ of H^{G; Q/Z). The most 
technical part to prove this is to be able to deal with the corestriction map. We shall do it 
step by step. 

5.3. Technical lemmata. To begin with let us recall why the corestriction map is compat- 
ible with Hochschild-Serre spectral sequence. 

Notation 5.5. If H is normal subgroup of a group G, we denote by Ef''^{G/H) the groups 
pertaining to the Hochschild-Serre spectral sequence 

El^\G/H) = HP{G/H, H^H, Q/Z)) ^ i?f+«(G, Q/Z). 

Lemma 5.6. Let G be a group, H be a subgroup of G of finite index and K a normal 
subgroup of G contained in H. Then the Hochschild-Serre spectral sequences 

EP''^{G/K) ^ HP{G/K, m{K, Q/Z)) RP+oiG, Q/Z) 

and 

EP^'^iH/K) = HP{H/K,H'i{K,Cl/7.)) ^ HP+^{H, Q/Z) 
are compatible with the corestriction maps 

Cores^/^ : HP{HI K,m{K,Ct/Z)) ^ H^G / K, H<i{K,Ct/7.)) 

and 

Coresg : HP{H, Q/Z)) ^ HP{G, Q/Z)). 
Proof. The proof of this well-known lemma is similar to the one given for lemma 3.1.6 



in [Pe3]: for any G-module M, we may consider M as an i/-module and define the 



induced G-module Ind^ M. There exists a natural trace map Tr : Ind^ M M and the 
corestriction is the composite of the maps 

M) HP{G, Indg M) ^ HP{G, M) 

where the first map is Shapiro isomorphism. Both maps are compatible with Hochschild- 
Serre spectral sequences. □ 

We shall now recall a few basic facts about the cohomology groups of an F^-vector 
space. 

Lemma 5.7. Ifp is a prime and E an F^-vector space, then for any strictly positive integer 
i, one has 

pWiE,Qm = {0}. 

Proof We prove it by induction on the dimension n of E. The result is true if n = 0. 
If rt ^ 1, let E' be a subgroup of index p in E. We may write E as E' (B F^. The 
multiplication by p in H^ (E, Q/Z) coincides with the composite map Coresf / o Resf /. 
But Coresf/ is equal to p. prj. Thus p — pr* oResf/ op. By induction, we get that 

p = 0. □ 
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Notations 5.8. Let p be an odd prime number. For any F -vector space E of finite dimen- 



sion, we denote by 0j the natural injection A*£'^ ^ H^{E,Q/Z) defined as in (5.1 ) and 
we consider the map 

given as the composite map 

S'iE'') S'H^iE, Z) ^ H^'{E, Z) ^ H^'-\E, Q/Z). 

Lemma 5.9. We have the following isomorphisms 

Q/Z^H'^iEM/T^), 
E'^ ^ H\E,Q/Z), 



and 



A^S^ e S^E-") q/2). 



Proof. This lemma follows from the description of the homology of E given in [ Cai , the- 
orem 1 ] and the isomorphism 



H'\E, Q/Z) ^ RomiH^iE, Z), Q/Z) 



(see [Bro,p. 60]) 



□ 



Notation 5.10. From now on, we fix a group G as in notation 5.1 and we consider the 
Hochschild-Serre spectral sequence 

HP{U, H^iV, Q/Z)) => HP+'^{G, Q/Z). 

We denote by F^H^ (G, Q/Z) the corresponding decreasing filtration on the cohomology 
of the group G. 



Lemma 5.11. There is a commutative diagram 



A2yv - 



i/2([/,i/i(F,Q/Z)) 

A 



^ A^c/^ ® 

-7''(Pl)«'P2+7''(P2)®Pl 

A (g) p I 



4 7-rV 



A^C/ 



-AA7^(p) 

where c?°'^ on^^ d^^^ ore f/ze mfl/7s defined by the Hochschild-Serre spectral sequence 

HP{U, H^V, Q/Z)) ^ i?P+«(G, Q/Z). 

In particular, if we denote by the complex of the bottom line we get an injection from the 
homology group H(y) of'S' into El^\G/V). 

Proof The map d'^'^ has been computed in [ |^e2[ p. 135]. The description of the map d^'^ 
follows from the fact that there is a commutative diagram 

iJi(^,Q/Z) ^ H^{U,Q/Z) 
A 



UNRAMIFIED COHOMOLOGY AND NOETHER'S PROBLEM 



15 



(see [ pe2| , p. 135]) and the compatibility of the Hochschild-Serre spectral sequence with 
the cup-product. □ 

Remark 5.12. Using 7^ : V'^ > A^C/^, we get a natural map 

which maps P1P2 to l/2(7^(p-^) ® + 7^(P2) ® Pi) ^""^ therefore an injection 

(5.2) Ker(5V^ ^ A^t/'') 

The strategy for the proof is to construct a subgroup of H^{G, Q/Z) which does not 
intersect the image of A^L/^ and contains H^{G, Q/Z). In order to do this, we want to 



construct a map r : Ker(S'2T/v A*J7^) ^ F^H^{G, Q/Z) which Ufts the map (g^), 
that is such that the diagram 

E?^\G/V) 

A A 



Ker(S'2[/^ -> A^C/^) F^H^{G,Q/Z) 

commutes. We also want this lifting to be compatible with corestriction in a sense which 
shall be described later The road-map for this construction is given by the construction of 
the Hochschild-Serre spectral sequence [HS, §2]: if we take 7 in H^{U, H^{V, Q/Z)), we 
can lift it to an element 7 of C'^{U, C^{V, Q/Z)) which gives a map 

7: VxG^ ^ Q/Z 

(«, 52^.93) ^ 7(52>53)W- 
We extend this map in a cochain / : G'^ ^ Q/Z by 

/(5i, 52^53) =li9is{9i)~\ 92,93)- 

Then d/ factorizes through a cocycle Q/Z. the class of which in H'^{U, Q/Z) is 

d^'^(7). If (P'^ij) = 0, then there exists an element h in C^{U, Q/Z) such that 

(5-3) d/ (5^,52, 53' 54) = 53-54) 

thus the class of the cocycle 

(91,92,93) ^ f (91,92,93) - H9i,92,93) 
is a lifting of 7 in F^H^{G, Q/Z). 

Therefore the first step of this construction is the description of / and d/ . 

Lemma 5.13. For any p in V"^ and any A in K^U^ , we define a map f^^ : G^ — s- Q/Z 
by 

(5-4) fp,x(9i,92,93) = ^P(.9is(.9i)"^)A(52 Affg). 

One has 

(if _ ^(n^.a„.n„.aA = - ^ 



d/p,A(5i,52> 53.54) = -77'^(p)(5i A52)-^(.93 '^54)- 

4/ 



Remark 5. 14. One may notice that (if p x defines a class in H {U, Q/Z) which coincides 
with the image of —A A 7^(/o). Thus lemma 5.13 implies the description of (P'^ given in 
lemma |5.1 1[ 

Proof. Since the map {§2, 53) ^ A (^2 A ^3) is a cocycle, it is sufficient to prove that if 
h:G^ Q/Z is defined by 

h(9) = P(9<9)~^) 
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then 



But 



d/i (51,52) = -^l'^ip)i9i ^92)- 



dh (51,52) 

= ^(52) - ^(5i52) + ^1(51) 

= P(52s(52)"^) - P(5i52s(5i52)"^) + P(5is(5i)^^) 



= ^(52^(52) ) - P(5i52s(52) s(5i) ) - 2^('^(5i ^.92)) +P(5is(5i) )• 
The element 325(52)^^ belongs toV = Z{G) so that 

dft-(5i,52) = -^7'^(p)(5i A52). □ 



The next step of the construction is to describe the map h in (5.3). This is done in the 
following two lemmata. 



Lemma 5.15. The group 64 acts on JJ'^®'^ by permutation of the components. Let 

e_ = ((12),(3 4)) C 64 and 6^ = ((1 4), (2 3)) C e4 
and let S^U'^ be the image in JJ'^'^* of the map 



(T'ee 



Then 



Ker(52(A2t/^) ^ A^(7^) 



+ 



4rrV\ 



is isomorphic to S U 



□ rrV 



Remark 5.16. If p ^ 5, S^U"^ is the irreducible S4-submodule of JJ'^'^'^ corresponding 
to the Young table 



1 


4 


2 


3 



Proof The kernel of the map J/^^" A^f/^ may be described as the image of 

in C/^'*'*. Therefore the kernel of the map A^J7^ ® h?'U'^ — > A'*[/^ is given as the image 
of the composite map 

(5.5) U 
It remains to describe the composite map 



(5.5) [/^®^2^^^^V_^f^V®4^^2f^V^^2j^V_ 



(5.6) ® S'^U^ ^U"" ^ A^U"" A^C/^ ^^(A^t/^) ^ U 



V®4 

V ^ C'27-rV ^ rrV :„ rrV®4 



The image of an element of the form u (gi vw a; G C/^ (g) S'^U^ ® in JJ"^^"* for the 
map defined in (5.5) is 

1 



its image in S'^{A'^U'^) is 



-(u iSi V ^ w<Si X + u iSi w V iSi x) 



-{u A w.w A X + u A w.v A x) 
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and its image in (U'^)®^ is given as 

1 , 

— [U (Si V ® W X + W (S) X ® U V — V (E> u W X — W X (Si V (Si u 

^^■j^ +vC^u(^x(S)w + x(S)w(S)v(S)u — u(Siv(^x(S)w — x(S)w(^u(S)v 

+ u(^wC^v(^x + v(S)x(^u(Siw — w(S~)u(^v(Six — v(Six(^w(Siu 
+ w(^u(^x(^v + x(^v(^w^u — u(S)w(^x(E)v — x^v(^u(Si w). 

□ 



Notations 5. n. We put 



^^gC/^ = {A e C/^^^ I (13).A = A} 



and 

S^sW" = {XeU''^^ I (23).A = A} 

and define maps 

^13 : 'S'lgC/^ ^ C3(i7,Q/Z)/Imd and : S'23C/'' C^lC/, Q/Z)/ Imd 
as follows T2^{u 1^ V (S) w 1^ X + u (g) w (S> V (g) x) is the class of the cochain 
(5-8) (91,92^93) u{g^)v{g2)w{g2)x{g^) 

and {u(E)vig)w(E)x + w(E)vig)u(S)x) the class of the cochain 

(51,52.53) '-*"(5i)«(52)^(52)2;(53) 
(5.9) -M(gi)w(5i)u(52)a:(g3) 

+ w{gi)v{g2)u{g2)x{g3). 

We also consider the natural morphism f/^®^ C'^{U, Q/Z) sending u g) v g) w g) x 
onto 

{9i,92^93^9d ^ u{9i)v{g2)w{g3)xig^). 
Lemma 5.18. The following diagrams are commutative 

3 M 

y 

C3(C/, Q/Z)/ Imd ^^-^ C"*(C/, Q/Z) C3(C/, Q/Z)/Imd C4([/,Q/Z). 

Moreover the maps t-^^ and coincide on Sj^^U'^ fl S2^U'^ and define a map 

f : S^^W^ + S^^W^ C3(t/,Q/Z)/Imd. 

Proof. We first prove the commutativity of the second diagram. Let h be the cochain (|5.8|). 
We get 

dft. {91,92^93^94) = u{g2)v{g^)w{g^)x{g^) - u{g{g2)v{g^)w{g^)x{g^) 

+ u{g^)v{g2g^)w{g2g3)x{g^) - u{g^)v(-^2)w{g2)x{g^g^) 
+ u{g^)v{g2)w{g2)x{g^) 
= u(^i)v{g2)w{g.i)x{g^) + u{g^)v{g^)w{g2)x{g^). 



The commutativity of the first diagram follows from a similar computation with (5.9). 
The space S-^^U"^ fl 5*23 C/^ may be described as 

^123^^^ -{AG f/v®^ I Va e 6^1,2,3}, ^-^ = M- 
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Since p^2,it is generated by elements of the form 

The value of t^^ — on an element of this form is given by the class of the cochain 

(51,52.53) ^("(5i)"(52)^ -"(5i)^"(52))«(53)- 
Thus it is sufficient to show that the 2-cochain 

(51,52) u{g{)u{g^f -u{g^fu{g^) 

is a coboundary. But it is a cocycle and factorizes through C/^/Kerw. In other words, it 
comes by inflation from a cocycle in C^([/^/ Keru, Q/Z). Since ?7^/Keru is an F^- 
vector space of dimension 1, one has 

i?2([/v/Kerw,Q/Z) = {0} 

and the cocycle is a coboundary. 



□ 



Remark 5.19. (i) The generators of S^U^ given by belong to S^jU"^ + S^r^U 
Therefore f gives by restriction a morphism 



T : S^U^ ^ C^([/,Q/Z)/Imd 



such that the following diagram commutes 

(5.10) 

C3([/,Q/Z)/Imd 



V®4 



u 



C^{UQ/Z). 



(ii) We shall also use later the fact that for any u, v in [/^, the cochain defining the class 
f{u A v.u A v) factorizes through {U /(Keru n Kerw))'^. 

Lemma 5.20. There is a group homomorphism 

T : Ker(^2yv ^ ^4j^v) ^ p'^H^G, Q/Z) 

which sends Pi-Pi ^'^^ class of 

(5-11) ^E(/p..v(,,) + /,,,,v(,.)) + f(^7^(P.)7^(P^; 



and the diagram 



El}{GlV) 



F'H^{G,CtlZ) 



commutes. 



Proof. The definition of ^ given in CSA), shows that ( 5.11 ) does not depend on the 

decomposition X^Li Pi-P'i- 

There is a commutative diagram 



I 

A2(A2[/V) 



(5.12) 



-Id( 



47-rV 



A4[/ 
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which yields an injection 
Let Tj^ be the map 



Pl®P2 ^ 

and T2 be the composite of the maps 



C3(G', Q/Z)/Imd 



+ L 



01)) 



i?C^) '^Ker(52(A2t/^) ^ A^c/^) ^C3(C/,Q/Z)/Imd ^ C3(G, Q/Z)/ Imd . 



Lemma 5.13 gives a commutative diagram 

52 — : 



7 A7 



V«'4 



C3(G, Q/Z)/Imd 



J7 



C4(G, Q/Z). 



Combining it with the diagram ( |5.1Q ), we get a commutative diagram 



C3(G,Q/Z)/Imd 



G3(G,Q/Z)/Imd 



G4(G, Q/Z). 



Therefore Tj^ — induces a map 

r : Ker(5V ^ A^C/^) ^ i/3(G, Q/Z) 



which, considering the signs in (5.12) is the map described in the lemma. Let A = 
ELi P^Pi belong to KeriS^V -WFc/^) then t(A) is the class of a cochain / which by 
the definition of ^ and T2 verifies 

Therefore, using the notations of [HS, §11.1, p. 119] / belongs to n A2 and its image 
in H'^{U, H^{V,Q/Z)) is obtained by considering the induced element / of the group 
C^iU, {V, Q/Z)). But this cochain / is given by 

= fiv,s{u^),s{u2)) 



Therefore the image of / in AJ7^ (^V^ C H^{U, H^{V, Q/Z)) is the image of A in this 
group. □ 

We can now turn to the corestriction itself. If is a subgroup of G, we have a commu- 
tative diagram with exact lines 







[H,H] 



H 



H/[H,H] 







Y f 

^ Z{H) ^ H ^ H/Z{H) ^ 
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where the groups on the right or the left are F^-vector spaces. Since p 7^ 2, the group 
(5.13) S^H^{H, Q/Z) S^{H/[H,H]y 

is generated by elements of the form x U % for x in {H/[H, H]Y . Thus Hp{G, Q/Z) is 
generated by elements of the form Coi es^ (x U x) for H a subgroup of G and x an element 

of {H/[H,H]r. 

Lemma 5.21. With notations as above, if H is a subgroup of G such that Z{G) (t Z[H) 
and if X belongs to H^(H, Q/Z), then 

Coresg(xUx) = 0. 

Proof. Let H' be the subgroup of G generated by H and Z{G). Then 

Coresg(x U x) = Coresg, o Coresf (x U x)- 
By choosing a decomposition 

Z{G) = {Z{G)r\Z{H))®E 

we get an isomorphism H' H x E. Then 

Coresg' = X pr* . 

But p| \E\ and px U x = 0. Thus Corcs|J' (x U x) = 0. □ 

Notations 5.22. By the preceding lemma, it is sufficient to consider the subgroups H such 
that 

V ^ [G,G] = Z{G) c Z{H). 

In particular, \H, G] C H and H is normal in G. Moreover, there exists a sequence of 
normal subgroups of G 

H ^HQ<\H^<\H^<i---<\H^. = G. 



such that H,JH^_^ is cyclic of order p. Using lemma 5.21 , we may also assume that Z{H^) 
is contained in Z{H). We denote by the quotient H^/V which may be considered as a 
subgroup of U . 

We consider for each i in {0, . . . , r} the Hochschild-Serre spectral sequence 

El^'iHjV) = HP{U,, m{V, Q/Z)) ^ HP+'^{H^, Q/Z) 

and we denote by FPR^ {H^, Q/Z) the corresponding decreasing filtration on the coho- 
mology groups of H-. 

Lemma 5.23. For any i in {1, . . . ,r}, and any j > 0, one has 

Coresg^_^ ™^(i?,,i,Q/Z) C FP+'W{H^Mm- 
Proof. Let be the canonical map 

: FPHP+\H^,Q/Z) ^ E^JiHjV). 



By lemma 5.6, one has 

By choosing £ [/, — U^_l, we get a decomposition U^_i © F^u^, so that 

Cores^;_^ = pprt- But EPii{HjV) is a subquotient of the group HP{U^, H1{V, Q/Z)), 
which, by lemma 5.7 is killed by p. □ 

In particular we get that Cores^(x U x) = if [G : iJ] > p'^. We shall now improve 
this result and relate the corestriction for subgroups of index p with the map r defined in 



lemma 5.20 
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Lemma 5.24. With notations as above, 

Coresg^ (X U x) e Q/Z). 
Moreover there exists a constant A in F* depending only on p such that if[G:H]=p and 
if p is the restriction ofx toV = [G, G], then the image q/Cores^(x U x) ^loi^l^)' 
which is a subquotient of 

H^{U, H^{V, Q/Z)) ^ A^t/^ (EjV'^ QU'' (E)^ 

is given by A7^(p) (8" p and up to the image of an element of S^U^ in H^jG, Q/Z), this 
corestriction coincide with Xrip'^) where t is the map defined by lemma 5.2(\ 

Proof The character x belongs to {H/[H,H]Y. If x([i?i,i?i]) = {0} then x is the 
restriction of an element x of {H-^ , Q/Z) and we have a commutative diagram 

„ Hi/lHi,Hi] 

X U X eH^{H/[H„H,],Q/Z) """""^'^ H^{HJ[H,, H,],Q/Z) 

H^{H, Q/Z) ^ H^H,, Q/Z). 

But, as in the proof of lemma |5.23| , Cores^^||^^j^j'' = and we get in that case 

Coresf U x) = 

which implies the first assertion. If moreover G ~ H^, the assumption may be written as 
p — and the other assertions follow. 

Therefore, we may assume that X\ihi Hi] ^- The commutator induces a linear surjec- 
tive map 

and therefore an injection 

Let u G C/j^ — Uq, and let be defined by uj^^ — and u^(u) = 1. For any h, h! in H, 
we have 

In other words. 

This implies that 

and there is a unique in — {0} such that 

Let V in C/q be such that v'^ {v) — \. We put u — s{u) and v = s{v). By construction, 
V € Ker(u^) = H. Let A' be the subgroup of H defined as the intersection 

A' = Ker(x)nKer(u''). 

The subgroup AT is normal in H^^ . Indeed, it is normal in H and we only have to show that 
uKu^^ C K. But Ker(u^) is normal in and if h belongs to K, we have 

X{uhu-^) = x{uhu-^h-^) = lX{X\yH,,H,]){^ ^h) = (""^ A v''){uhh) = v'^ih) = 0. 

The quotient H^^/K is a non-abelian group of order p^^. In fact, if T is the subgroup of H^^ 
generated bu u and v, then we have an isomorphism T — ^ H^/K and we may describe 
as a semi-direct product ^ A" x T. Let / = Tn [G, G] = [m, v]F^ and Q = T//. 
The Hochschild-Serre spectral sequence 

HP{Q, H^il, Q/Z)) HP+''{T, Q/Z) 



iriX\[HuH,])ih/\h')^xi[h,h']) = 0. 
7i^(X|[_ffi,Hi])|A2i/o = 0- 
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defines a decreasing filtration F^H^ {T, Q/Z) and the morphism 

i/f (T, Q/Z) ^ HP{H^, Q/Z) 

is compatible with the filtrations on the cohomology groups of T and . 

Let us first prove the lemma in the case where = T. In other words is the group 
generated by two elements A = u and B = v with the relations 

AP^BP^ [A, Br - [A, [A, B]] - [B, [A, B]] = 1 
and H is the subgroup of generated by B and [A, B]. Then H is an Fp-vector space 
with a basis given hy ~ B and €2 = [A, B]. Let {ci, 62) be the dual basis. Then is 
the restriction to H of the character v"^ of and 

X(e2) =7i^(X|[ffi,ffi])(uAi;) = 1. 
Thus X|[TT] = ^2- We have 

Cores|^(ei' U e^") = Cores^(Res|^(w'' U w"")) = pv"" U i;'' = 0, 
Cores]^(e^ U e^) = Cores^(Res^(t;'') U e^) = U Cores^(e^) = 



where the last equality follows from | ]Le[ lemma 6.22]. By lemma 5.23 

Cores|f(e^ U e^) G F^H^{T, Q/Z). 

But El^{T/I) is a subquotient of Q/Z)) which by lemma U is ti'ivial. 

Thus 

Cores|^(e^ U e^) G F^H^{T, Q/Z) 
this proves the first assertion of the lemma in that case. 



Using [Q p. 517], we get that El^{T/T) is generated by A (g) and by 
theorem 6.26], 

Cores^(e^ U e^) ^ F^{H^{T, Q/Z)) = Im(Inf : i?3(Q^ q/z) ^ fl-3(j.^ Q/Z)). 

Therefore there exists a constant A depending only on p such that the image of the element 

CoresJ(e^ U e^) in E^^{T/I) is given by Xu"^ A u"^ (g) e^. But xlej) = 1 imphes that 
X — + 62 for some a in F^. Thus 

Cores|;(x U x) = Cores|;(e^ U e^). 
which implies the second assertion in the case T = = G. Finally \fT — — G, 
then p = X\[T,T] = and belongs to KeriS^V^ A^C/""). By lemma pO|, At (p^) 
and Cores^(xUx) which are both in F'^H^{G, Q/Z) have the same image in E'^{T/I). 
Thus 

Coresi;(x U x) - Ar(p2) e Im(Inf : H^{Q, Q/Z) ^ H'iT, Q/Z)). 

But dimp (5 = 2 and S^Q^ ^ i^^(<9, Q/Z). This implies the third assertion in the 
case T = H^^G. 

The first two assertions in the general case are obtained using the inflation map from the 
cohomology of T to that of G. It remains to prove the third. Let h be the map 

h: G ^ Q/Z 

9 pigsig)"^)- 

We have seen that ^ 

(51,52) = -2"'''iP)(9i ^92)- 
Let x' = h^ij. The map x' is a morphism of groups. Indeed, if h^, h2 ^ H 

X'{h,h2) = x'ih,) + x'{h2) + \l''{p){K A h2) 

= x'{K) + x'{h2) + \x{[KM) = x'ih) + x'{h2)- 
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We have (x — x')\v ~ 0' '^^us there exists a character v of G such that X ^ x' = ■ 

Coresg(x U x) = Coresg(x' U x') + 2 Coresg(x' U i/,^) + Coresg(;/|^ U v^^) 
= Coresg(x'Ux') 

and since X\v — xjy ^h^ value of At(p^) is the same for x and x'- Therefore it is sufficient 
to prove the last assertion in the case where x = x' ■ Since 7^(p) = A w^, we see that 
the map 

(fi, 52:53) ^ ipKs(5i)"^)7''(p)(52 /\53) 

verifies 

Using remark 5.19 (ii), we get that t(p^) comes by inflation from H^{T, Q/Z) and the 
last assertion also reduces to the case where G = T. □ 



Lemma 5.24 implies that 



Coresg(xUx) = 
if [G : H] > p^. Let us now deal with the subgroups H of index . 

Lemma 5.25. // [G : H] = p^, then Cores^(x U x) belongs to the image of S'^U^ in 

H^G,Q/Z). ' 

Proof. In that case, we have 

H/[G, G]^U„^U,^U,^ G/[G, G]. 
We choose u-^ e JJj^ — Uq and G C/j ^ define and in t/^ by (m^ ) = ^^ j 

and u^([/q) = 0. As in the proof of lemma 5.24 , we may assume that p — X\[g g] ^ 







and we have 

7''(p)|A2c/o 

which implies that 7^ (p) may be written as 

(5.14) 7^(p) A<+u^ Ai;^ 

Let K be the subgroup of H defined by 

K = Ker(x) n Ker(wn n Ker(t;^ 



Using ( 5.14 ), we get as in the proof of lemma |5.24] that i^T is a normal subgroup of G. Let 
T be the quotient G/K and / the image of [G, G] in T. The group / is isomorphic to 
V/ Ker p. Thus it is a cyclic group. Since 7^ (p) 7^ 0, T is not abelian and / coincides with 
the commutator group [T, T]. Putting Q ^ T/I, there is a commutative diagram 



i/3(T,Q/Z) 



Inf 



ff'(G,Q/Z) 



Therefore it is sufficient to prove the lemma for G = T. 

From now on we assume G = T. Since dimp U ^ A, any element in A^U may be 
written as u A u with uinU and v in A^U (see |]r3, §1.4]). Thus iiT'^ = -^max '^^at case. 



Using proposition 5.2, we get that 



H\C{Wf,Q/Z)). 
Therefore, in this case, using the isomorphism of lemma |5^ 
(5.15) S^U"^ QV"" AU"" =Ker(ij3([/,Q/Z) H^{C{Wf MfZ)). 
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Since Cores^(x U x) belongs to the kernel of the map 

iJ^(G, Q/Z) ^ H^{C{Wf, Q/Z) 

and to F^H^jG, Q/Z), it belongs to the image in H^{G, Q/Z) of the kernel given by 
( FTl ). But by [|e2l lemma 9.3 and p. 135] 

V'^UU'^ = Kei{H^{U, Q/Z) ^ ij3(G, Q/Z)). 

Thus Cores^(x U x) belongs to the image of S'^U'^ . □ 

5.4. Proof of the result. Using proposition |5.2|, we have an injection 

i^i,/Ker(A3[/^ ^ H\C{Wf,Q/Z)) ^ i?^ (C(W^)«, Q/Z). 

So we want to prove that 

= Ker(A3[/'' -> H^{C{W)^, Q/Z)). 
But, since p ^ 2, by theorem 

H^{G, Q/Z) = Ker(i?3(G, Q/Z) ^ ij3(C(W^)G, Q/Z)). 
It remains to show that 

Im(A3c/v ij3(G, Q/Z)) n H^{G, Q/Z) = {0}. 



But, using [Pe2, lemma 9.3 and p. 135], we have that 

(5.16) = C/v A = Ker(S'2[/^ A^C/^ = i/S^j;^ q/^) ^ H^(G, Q/Z)). 

Using lemmas 5.23, ^.24 , and 5.25, 

i?p3(G', Q/Z) c ImiS^U'' ^ H^{G, Q/Z)) + Im(T) 



Since Im(T) n F^H^{G, Q/Z) = {0}, and using ( 5.16 ), we have a direct sum 

A^C/v/A'g ® 5^C/^ © Im(T) c H^{G, Q/Z) 
and the result is proven. □ 

6. A PARTICULAR CASE 

If the dimension of U is less than 5 then any X in A^U may be written as A = m A u 
with uinU and v in A^U (see [Re]). Therefore — K^^^ whenever dim U ^ 5. Let us 
give an example with dim U = 6. 

Theorem 6.1. Let U and V be two F^-vector spaces of dimension 6 for p an odd prime. 

We denote by (wJi^^^g a basis ofU and (wjj^^j^g a basis ofV. We denote by {u^)i^i^(, 
the dual basis of U"^ . Let ^ be the element of A^U^ ®V defined by 

= ® {uX A ul ~ ui h ul) + ^2 ® a U3 - a Wg ) 

+ U3 Wl A W4 + W4 U2 A M5 + ® U3 A Mg + Wg ® U4 A Ug . 

This defines a map 7 : A^C/ V. Let 

Q^V ^G 



be the corresponding central extension (see notations 5.1), then for any faithful represen- 
tation WofG one has 

Br„(C(W^)«) = {0} 

but 

ff3(C(W^)«,Q/Z)^{0}. 
In particular, C{W)'^ is not a rational extension ofC. 
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Proof. By [ |Bci[ , lemma 5.1], one has 

Br„(C(W^)G) ^ KlJK^ 

But 

= {uX A - < A it^, A - A 

Va V Va V Va V Va V\ 

Ui A U4 , U2 A W5 , U3 A Mg , U4 Auq) 



and 



Since 



and 



1*3 A U4, Ug A M4, U4 A U3, 1*2 A U4, U3 A W5, A M4, Mg A U2). 



^4 A U2 + U4 A U5 = (U4 + M4) A (1*2 + U5) + U2 A — A 



A U3 + Ug A Ug = (^2 + U5) A (U3 + Ug) + Ug A 1*2 + U3 A ' 



■-5' 



we have 



Kit - K^' 



and ^ 



This proves the first assertion. We now compute and K^^ 



U2 



, Ui A U2 A 1*3 - Ui 
Aug,Ui AU4 Awg, 



U2 AUg A-Ug,^! A 
2 /X ci3 -U3 A-U4 AU5,U3 

1*2 A U3 A U5 , U3 A U4 A Ug , 



Au^ Aug,u/ Au2 Au^, 



U4 A 
A uY A u 



5 ' 



1*2 A U4 , 1*2 A U3 A Ug , U2 A ti4 A 



6 I 



Ml A Un A u 



A tig AUg,U^ AU3 AU4, 



A Va V Va Va V 

A U2 A U4 , U2 A U3 A M4 



A Va V Va Va V Va Va V 

A tig A tig , U2 A U4 A M5 , Ug A U4 A Ug , 



Ml Au^ AU5,U2 Aug Au^,ul A M4 Au5,M3 A Au^,U4 A Ug Aitg, 



a Va V Va Va V Va Va V Va Va V Va Va V\ 

A U2 A Ug — U4 A M5 A Ug , 1*2 A tig A tig , A U4 A Wg , A M5 A Ug ) 



= {ul A U2 A Ug - A U5 A Ug , Ml A U2 A Ug - Ug A M4 A U5 , 



A Uo A u 



Ml A Uq A u, 



U2 



A u 
A u 



A u 

A u, 



V A V A V V A 

Ui A U2 A U5 , A 



V A V A V V A 

U2 A Ug A Ug , U2 A 



Va V Va Va V 

U2 A Ug , U4 A Ug A U4 , 
> U4 A Ug , U2 A Ug A U4 , 

Va V Va Va V 

it4 A U5 ,1*2 A U4 A Ug , 



Ug A U4 A Mg , Ug A U5 A Ug , 1*4 A Ug A Ug ). 



Therefore 



{u^ A it2 A Ug + 1(3 A U4 A + A Ug A U4, 1*4 A Ug A w^). 



By [Pel , p. 264, example 2], 



^dec ^ ("1 AUg AU5). 



Therefore K^^/K^ — > and by theorem 5.3, we get that 



Hl{C{Wf,Q/Z)^{0}. □ 
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